The non-neighbourliness of centrally symmetric convex polytopes having many vertices  by Burton, G.R
IOURNAL OF COMBINATORIAL THEORY, Series A 58, 321-322 (1991) 
Note 
The Non-neighbourliness of Centrally Symmetric 
Convex Polytopes Hdving Many Vertices 
G. R. BURTON 
School of Mathematical Sciences, University of Bath, 
Claverton Down, Bath BA2 7AY, United Kingdom 
Communicated by Victor Klee 
Received September 1, 1990 
INTRODUCTION 
If 1 <k < d, a centrally symmetric convex d-polytope P is said to be 
k-neighbourly if every set of k distinct pairwise non-antipodal vertices of P 
forms the vertex set of a face of P. If P is k-neighbourly and 1~ 1~ k, then 
every set of 1 pairwise non-antipodal vertices of P forms the vertex set of 
an (I- l)-simplex which is a face of P; in particular P is I-neighbourly. It 
seems that neighbourliness properties of centrally symmetric polytopes are 
unlike those of polytopes in general, for, while a cyclic d-polytope with 
n > d vertices. is [d/2]-neighbourly (where [-I denotes the integer part), an 
upper bound of McMullen and Shephard [3] and a lower bound of 
Schneider [4] yield, for fixed n > 2, 
for all sufficiently large d, where K(d, n) is the maximum K for which there 
exists a K-neighbourly centrally symmetric d-polytope with 2(d+ n) 
vertices. The purpose of this note is to investigate the neighbourliness of 
centrally symmetric polytopes with many vertices. We prove: 
THEOREM. Let N(d) denote the maximum number of points on the unit 
(d - 1 )-sphere Sd- 1 whose distance apart is at least 2d-“‘. If d 2 2 and P 
is a centrally symmetric convex d-polytope having more than N(d) vertices, 
then P is not 2-neighbourly. 
Thus when d 2 2 it follows that K(d, n) = 1 for all sufticientfy large n. 
McMullen and Shephard [3] conjectured that K(d, n) < [(d + n - l)/ 
321 
OO97-3165/91 $3.00 
Copyright 0 1991 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
322 NOTE 
(n + l)], which would have implied K(d, n) =-1 for lz > d- 2, but their 
conjecture was subsequently disproved by Hasley [ 11. 
Proof of the Theorem. We may suppose that P has been a&rely trans- 
formed so that its circumscribing ellipsoid of least volume has surface SdM1. 
Then o is the centre of P, and by a result of John [2, p. 2031, 
d-‘j2Sd- ’ c P. Let f be the nearest-point map from S*- ’ onto the surface 
of P. Then 
IV(u) -f(uNl G lb- 41 
for all u, v E Sdel, We can choose two distinct vertices x, y of P with 
Ilf-l(~)-f-‘(y)II 62d-I”, 
so 
11x-y/l <2d-I’*. 
Then x and -y are distinct non-antipodal vertices of P, while $( y - x) is 
interior to P, so the line-segment [x, -y] is not an edge of P. 1 
Remark. Using the estimates of Rankin [4] for the density of the best 
packing of spherical caps, we find 
where 
R(d) N 2’14 $(d/2)dlz’ 3/4 as d-+co. 
It is an open problem to obtain a better estimate for N(d). 
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